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A method for the estimation of the mean area average rain rate from dependent data is developed
and applied to the GARP Atlantic Tropical Experiment GATE data. The method consistsof fitting a
mixed distribution, containing an atom at zero, by minimum chi-square in combination with certain
time-space sampling designs. In modeling the continuous component of the mixed distribution it is
shown that the lognormal distribution provides a very close fit for the nonzero area average rainrates.
A comparison with the gamma distribution shows that the lognormal distribution is a better choice as
expressedby the minimum chi-square criterion. Some of the time-space samplingdesignscorrespond

to satellite
sampling.
Theresults
indicate
thata satellite
visiting
anareaof about350x 350km2 in the
tropics approximately every 10 hours over a period can provide a rather close estimate for the mean
area average rain rate.

1.

1.1.

INTRODUCTION

rate observed in time and space and avoids stationarity
and/or homogeneityassumptions.This approach shedslight

The Problem and Approach

on the tail behavior

Global measurementsof precipitation are important for
prognostic and diagnostic studies of the atmospheric circulation. Becauseof the huge extent of the tropical oceansand
the inevitable

errors associated

of the distribution

of rain

rate.

As a

by-product of this approach we obtain a useful linear relationship between the expected rain rate and the probability
that it exceeds a given threshold.

with in situ measurements

from ships, satellite observation is probably the ultimate
mode by which global precipitation measurementscan be
made [Austin and Geotis, 1980; Atlas and Thiele, 1981].

Satellite observation gives complete spatial coverage for
each passage at distinct revisits separated hours apart. An
important problem then is to estimate the total amount of
rainfall volume from this type of data. When the measuring
device on board the satellite is a radar or a radiometer

that is

capableof measuringinstantaneousrain rate, this problem is
equivalent to the estimation of the mean of the distribution of
rain rate when the satelliteobservationis confinedto a given
period over a certain area. The feasibility of this method and

1.2.

Goals and Preliminary Remarks

The purpose of this paper is threefold. First, we demonstrate that a mixed lognormal distribution provides a very
close fit for area average rain rate. Specifically we fit a mixed

lognormal
distribution
A(1 - p, /,•, a2) [seeAitchison
and
Brown,1963,p. 95] to rainrateaveraged
over4 x 4 km2
pixels obtained from the GARP (Global Atmospheric Research Program) Atlantic Tropical Experiment (GATE) and
estimate

the mean of the distribution

and its standard

error.

Actually, this is done twice corresponding to each of two
different phases of GATE, where the information about the
continuous component describing the distribution of the
the associated statistical considerations are examined in this
positive values is truncated at 1 mm/h. Second, we examine
paper in some detail.
One way to approachthis estimationproblem, is to model the effect of different samplingdesignsin time and spaceon
the rain field as a random field [Eagleson, 1967;Rodriguez- the fitted model and its parameters. As we shall see, these
Iturbe and Mejœa,1974;Bras and Colon, 1978] an approach designsprovide valuable insight into the time-space depenthat usually presupposesstationarity or homogeneityof the dence of rain rate. Third, we interpret these designsfrom the
random field. Our approach, on the other hand, is through point of view of remote sensingvia satellite.
It is a fact, often ignored, that the distributions associated
statistical inference directed at the mixed distribution of rain
with rain characteristics are supported on a continuum
1Alsoat AppliedResearch
Corporation,
Landover,
Maryland. except for an atom at zero. This means that the random
2Alsoat NASAGoddard
SpaceFlightCenter,Greenbelt,
Mary- characteristicin question has a positive probability of being
land.
equal to zero, but otherwise its distribution is continuous.
3Alsoat Department
of Meteorology,
TexasA & M University, Such a distribution, which is made of a discrete component
College Station.
and a continuous component, is called a mixed distribution.
Copyright 1990 by the American GeophysicalUnion.
Clearly, there is no problem in modeling the discrete component, for it is nothing but a spike at zero whose magnitude
Paper number 89JD02762.
0148-0227/90/89JD-02762505.00
is equal to the probability of admitting the value zero. The
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continuous component, on the other hand, can be modeled
in more than one way unless physical or mathematical
evidence points to a particular distribution. The case we
have in mind, of course, is that of rain rate.
Rain rate has a distribution of the mixed type because
there is a positive probability that it does not rain at all. The
continuous distribution component of rain rate can be modeled in several ways, and there does not seem to be a general
agreement as to its precise nature. This may be due to the
fact that different data setscollected under different physical
conditionsdo not point to any specificdistributionbut rather
point to a whole rangeof probability distributionswhosetail
behavior differs greatly. Thus Neyman and Scott [1967]
suggestthe gamma distribution, while Lovejoy and Schertzer
[ 1985] suggesta fat tailed hyperbolic distribution. Houze and
Cheng [1977] argue that a lognormal fit is reasonable, and in
practice it is even quite common to fit a truncated normal
distribution. In addition to empirical studies,attemptshave
been made to describe the distribution of rain rate by
resorting to stochastic models. Such an attempt has also
been made by Kedem and Chiu [1987], who employed a
stochastic regression scheme to model time series of area
average rain rate. Some conditions on the stochasticregression model parameters necessary for asymptotic (in time)
lognormality were satisfiedrather closely by quite a few time
seriesfrom 6ATE, a fact that encouragesthe entertainment
of the lognormal distribution as a possible model. In this
paper we continue to investigatethe appropriatenessof the
lognormal distribution as a model for positive rain rate
averaged over an area.
The paper is organized as follows. After a descriptionof
the 6ATE data and a precise formulation of the random
variable that represents the data (section 2), the main thrust
of a statisticalanalysisbasedon time-spacesamplingdesigns
is discussedin section 3. Section 4 deals with a comparison
between the fits provided by the lognormal and gamma
distributions to the 6ATE data, and in section $ we examine
the implication of the results of the time-space sampling
designs on satellite sampling. Finally, conclusionsand a
summary are presented in section 6.
2.

THE DATA AND SOME BASIC STATISTICAL

OF MEAN RAIN RATE

Each of the three periods is referred to as a phase. In this
work we use the data from the first two phasesand refer to
them in the sequel as GATE 1 and GATE 2, respectively.
2.2.
Rain

The Population of Area Average
Rate

To carry on the statistical analysis of rain rate in a sound
and clear manner, we must identify precisely the random
variable in question. For this purpose, concentrate for a
moment on the GATE 1 data collected during a period of
nearly 3 weeks. We wish to study the distribution of the
instantaneous area averages of rain rate confined to this
period only, over the B scale area.
It is important to note that although the instantaneous
average rain rate over a given pixel was recorded every 15
min, in principle we could do so every minute or every
secondor indeed continuouslyin time. It is helpful to think
of a given pixel visited at a certain instant of time as an
"instantaneouspixel" from which we obtain the reading of
an instantaneous average rain rate.
The GATE 1 data consist of rain rates averaged over 4 x

4 km2 (nonoverlapping)
pixelswhichcovertheB-scale
area.
A closerlook reveals that we really have a finite collection of
values of averaged rain rates obtained from the infinite
parent population that consistsof all possibleinstantaneous
average rain-rate values that in principle could have been

observed
overthe 4 x 4 km2 pixelsthatcoverthe B-scale
area in the given period of about 3 weeks. In other words, we
have an infinite population of values of a random variable
that assigns to every "instantaneous 4 x 4 pixel" the
correspondingaverage rain rate, and we identify the distribution of the instantaneous average rain rates with the
distribution of the random variable. Having thus defined the
random variable whose values are the instantaneous average
rain rates that could in principle be observedover the 4 x 4
(nonoverlapping)pixels of the B scale area during the first
phase of GATE, we can now study its distribution in a
meaningful way. Denote this random variable by R. The
same formulation holds for the other two phases of GATE.
2.3.

Mixed

Distributions

ISSUES

In this section we address basic issues concerning our
approach to modeling a time-space characteristic whose
probability distribution contains an atom at the origin. It is
perhaps best to start with a description of the data set that
triggered the present investigation.
2.1.

The GATE

Data

GATE is an observational program conducted in the
summer of 1974. During three consecutive periods each of
about 3 weeks in duration, detailed rainfall measurements
from rain gaugesand radars on an array of research vessels
were made over an area called the B scale. The center of the

B scale area is located at 8.$øN, 23.$øW in the Atlantic Ocean
and encompassesan area of about 400 km in diameter. Arkell

and Hudlow [1977] composited the radar measurements
from ships and presented an atlas of radar echoes at l$-min
intervals. Patterson et al. [1979] converted the radar measurements to instantaneous rain rates averaged over 4 x 4

km2 pixels.Our dataconsistof theseaveragerain rates.

Most probability distributions encountered in practice are
"regular." That is, they are either discrete, supported on a
countable number of values, or continuous, in which case
the distribution is supported on a continuum. However,
there are many situationsin which the cumulative distribution function containsjumps at somepoints but is otherwise
continuous.

Such a distribution

is neither

discrete

nor con-

tinuous but rather a combination of a discrete component
and a continuous component, and is referred to as a mixed
distribution. The case of rain rate presents an example of a
mixed distribution, for the event {R -- 0} has a positive
probability 1 - p, say, but otherwise P(R = r) = O, r > O.
More precisely, let G be the cumulative distributionfunction
of R, G(r) = P(R -< r). Then it can be represented as a
convex combination of two increasing functions H, F

G(r) = (1 -p)H(r)

+ pF(r)

where

H(r) = 0

r<0

(1)
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H(r) = 1

r -> 0

and F is a continuous distribution function such that F(r) =
0, r -< 0, with a density f(r) = F'(r), r > O. It follows that the
generalized density g(r) correspondingto G(r) takes the form

g(r) = 0

Chiu [1988] and for other data sets by Atlas et al. [1988] and
Rosenfeld et al. [1988]. It should be noted, however, that (8)
is true for any mixed distribution with an atom at zero and
can be viewed as a theorem, while (9) is a manifestation of
the law of large numbers correspondingto (8).

r< 0
2.4.

g(r)=l-p

r=0

g(r) = pf(r)

r> 0

(2)

where f(r) is the density of R conditional on R > 0 (see also
Aitchison and Brown [1963, p. 95] and Feuerverger [1979]).
The kth moment of this distribution is given by

E(R•')=

r•'dG(r)=p

rkf(r)dr

rf(r) dr

(4)

The Mixed Lognormal Distribution

When f comes from a parametric family indexed by a
vector of parameters 0, we replace the notation f(r) by f(r,
0). In this case, g(r) is replaced by g(r, p, 0). When a random

sampleR•, R2, '", Rn containingn - m zeroes is given,
the likelihood of p, 0 correspondingto the random sampleis
given by
L(p, O) = pm(1 - p)n- mf(r•' 0)'''

(3)

and in particular, the mean and variance are given by
E(R) = p

1967

f(rm, O)

(10)

and the maximum likelihood estimator of p is readily given
by/• = m/n. Note that when the data are dependent, (10)
does not represent the true likelihood. To use the maximum
likelihood estimationprocedure, one must know the precise
dependence, and when the latter is not known, other methods are needed such as the one described

in section 3.

Let 0 = (Ix,o.2),-o• < Ix< o•,o.2> 0, andassume
thatf(r,
(5)

0) is given by the lognormal density

f(r, O) = 0

E(R- E(R))k= (-ER)k(1- p) + p

1 I 1(logr
/x)2]
r>0

f(r,O) ro.(2•r)l/2
exp 2o.2

In general, the kth central moment is given by

r_<0

(r - E(R))kf(r)dr

(11)

In this case we shall say that R has a mixed lognormal
(6)

The mixed distribution (equation (1)) leads to an interesting relationshipbetween E(R)and P(R > r). First, note that
for fixed r -> 0,

distribution
withparameters
p, IX,o.2.Aitchison
andBrown
[1963,p. 95] denotethisdistribution
by A(/i, Ix, o.2),where
/i -- 1 - p. Then (4) and (5) become

E(R)=p exp(/x + o.2/2)

>
p =

> 0)

=

>

> 0)

Thus solving for E(R), we obtain the linear relationshipfor
any fixed r > 0,

E(R) = 13,P(R > r)

Var (R)=p exp(2/2+ o.2)[exp
(tr2)-p]

(7)

(12)
(13)

Throughout the paper the measurement unit of R is
millimetersper hour. This means,from (12) and (13), that the

unitof txis log(mm/h),but o.2is a purenumber.

(8)

3.

ANALYSIS

OF THE GATE

DATA

where/3, is given by

We would like to demonstrate, using minimum chi-square
estimation, that the mixed lognormal distribution provides a
> o)
close fit for the GATE data. Since no modeling is required
P(R > rl R > O)
for the discrete component of the distribution, it sufficesto
consider the densityf(r, O) and show that it fits the nonzero
When r = 0, (8) reduces to (4). When r > 0, the Markov
average rain rates rather closely. At the same time we will
inequality (rP(R > r) • E(R)) yields the lower bound
combine the estimation problem with the study of the
dependence structure of the data in time and space, by
sampling the data according to certain designs. This novel
A useful inte•retation of (8) is that for sufficiently large approachhas certain advantageswhich simple random samarea, and assumingspatial and temporal statisticalhomoge- pling lacks.

neity (i.e., constant
3.1.

(R) = B,P,

(9)

where (R) is the area averageof rain rate, and P, is the
&action of the area covered with rain rate above the thresh-

old r. The relationship (9) holds to a great degree of
accuracy, a fact that has been verified for the GATE data by

Minimum Chi-Square Estimation

In the face of dependent data, a useful procedure to
estimate 0, and at the same time obtain a good idea of the
goodnessof fit and the dependence structure, is to use the
procedure of minimum chi-square estimation together with
certain time-spacesamplingdesigns.This indeed amountsto
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using less than the full data set, but the lessonslearned from

TABLE 1. Results From Two Different Designs

this exercise provide valuable insight into the time-space
dependencein the data as well as an answerto the problem
of how often a rain field should be sampledvia satellite in
order to estimate the average amount of precipitationwith

GATE 1: (8, 8, 8)

reasonable precision.

Supposethe nonzero average rain rates can be grouped
into k categorieswith oi observationsfalling in category i
while ei(O) is the correspondingexpectedvalue (dependent
on 0!) obtained underf(r, 0). Consider the quadratic form,

k (0i-- ei(O))2
X2(0)--=Z

i=1 ei(O)

GATE 2: (10, 5, 5)

Class

0i

ei(•)

0i

ei(•)

1-2
2-4
4-6
6-8
8-10
10-12
12-16
16-20
>20

453
590
325
207
116
60
82
52
80

450
598
324
188
116
76
88
46
79

697
864
459
261
156
94
126
70
135

704
855
448
259
162
107
128
69
130

1965

1965

2862

2862

(14)

Total N

Theparameter
b whichminimizes
X2(0)is calledthemini-

Theminimum
chi-square
estimate
is b. For GATE 1, b = (/• =
1.140,&2 = 1.047),& = 5.28,/32= 51.5,andX2(•})= 6.74.For
minimum
chi-square
estimation
areasfollows:(1)X2(0)can GATE2, • = (• = 1.043,b2 = 1.205)'& = 5.184,/32= 62.788,and
X2(&)= 2.589.
mum chi-square estimate of 0. The advantages of using

be evaluated regardless of dependence;(2) the minimum
chi-squareapproachadaptsitself easily to the situationwhen
rain rates are known only within a certain range, as is the
casewith most remote-sensingtechniques,includingradar;
(3) estimationand goodnessof fit are embodiedin a single to the Ri, R i > 1, wheref(r, 0) is given by (11) and 0 =
Thecorresponding
ei(O) canbeeasilycomputed
under
quantity; (4) the procedurecan be easily interpreted,for we or2).
lognormality.
simply
wantX2(0)tobeasclose
tozeroaspossible;
(5)X2(0)
canbeeasilyevaluated
evenforverylargesamples;
(6)X2(0) The truncated data R i, R i > 1, were grouped in nine
categories1-2, 2-4, 4-6, 6-8, 8-10, 10-12, 12-16, 16-20, and
can provide valuable information about the dependence
>20 mm/h. The number of categoriesand their sizes were
structure of the data when different sampling designsare

used;(7)X2(0)canbeusedin comparing
different
models
for
f(r, 0); and (8) other theoreticaladvantages(enumeratedby
Berkson[1980]) when the data are independent.
3.2.

Time-SpaceSamplingDesigns

chosen so that the expected number of observations in each
bin was at least 10 acrossall the samplingdesignsused. This
rule guardedagainstsamplingdesignsthat were too sparse.
Let N denotethe number of R i greater than 1 mm/h. Then
(15) and lognormality give

Recall that we think of the B scale area as covered by 4 x

4 km2 pixelsandthatthe GATE dataconsistof instanta-

el)((log2 -/x)/cr) - el)(ei(O)=N

1 - el)(neoussnapshotsover this area every 15 min. The time-space
samplingdesignswe usedin this work are characterizedby
el)((log4 -/x)/cr) - el)((log2 -/x)/cr)
the triples (n, k, l). The first index n denotes sampling
e2(O)= m
(16)
frequencyin time and is alwaysa multiplierof 15 min; k and
1 - eI)(I refer to spatial sampling in east-west and north-south
directions,respectively. They are always multipliers of 4 and so on for e3(O),... , e9(O), where (I) denotes the

km. For example, the design(1, 10, 10) denotessampling cumulative distribution function of the standard normal
"instantaneouspixels" every 15 min in time but separated distribution.Similar expressionscan be obtained,provided
by 40-km intervals in both east-west and north-south direc-

that we specify f(r, 0).

tions. This is similar to "visiting" rain gaugeslocated on a
grid in space and separatedby 40 km every 15 min. The 3.4. Results From Different Designs
design(48, 1, 1) samplesevery possiblepixel every 12 hours
The use of (14), (15), and (16) is first illustrated in Table 1
(48 x 15 min). This is similar to samplingby a densely
scanning sensor on board a polar-orbiting satellite that with the design(8, 8, 8) from GATE 1 and the design(10, 5,

5) fromGATE 2. In the firstcase,X2(0)is minimized
for
• = (1.14,1.047),andin thesecond
caseX2(0)is minimized
for $ = (1.043,1.205).The corresponding
minimumchi-

passesover the same location every 12 hours.
3.3.

Truncation

at 1 mm/h

In the GATE data it is difficult to distinguishzero observationsfrom those that are positive but very closeto zero.
This may be due, among other sources, to noise in radar
reflectivity. To overcomethis technical difficulty, the data
were truncatedat 1 mm/h, as was donein an earlier studyby
Austin and Geotis [ 1978].Thus insteadof fittingf(r, 0) to the
positive averagerain rates, we fitted the truncateddensity
f(r, O)
(15)

øøf(r,
O)
dr

square values are 6.74 and 2.589. For the moment, accept
these numbersas reference values. The table also gives the

estimated
mean(&) andvariance(/32)of the estimated
or
fitted lognormal distribution. The results from many other

designs
aresummarized
in Table2. Notethat/•, &2,&, and
/32 are the estimates
of the parameters
in the original
nontruncated distribution, but they were obtained from the
truncateddata. Figure 1 showsthe histogramcorresponding
to the design(8, 8, 8) and the fitted lognormal density.
There is a way to estimatep from the truncated data, since
n, the total number of observations zero or nonzero, is

known as well as N, the total number of averagerain rates
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TABLE 2. MinimumX2 Estimates
FromDifferentDesigns

Design

X2(•)

(2, 4, 4)
(2, 8, 8)
(4, 4, 4)
(4, 8, 8)
(5, 20, 20)
(6,6, 6)
(6, 8, 8)
(8, 4, 4)
(8, 6, 6)
(10, 8, 8)
(10, 10, 10)
(20, 10, 10)
(24, 1, 1)
(48, 1, 1)

11.125
4.199
3.733
3.849
0.803
2.916
3.814
2.728
4.931
5.151
3.386
7.757
27.443
48.077

(4, 4, 4)
(3, 10, 10)
(5, 3, 3)
(5, 5, 5)
(5, 10, 10)
(8, 8, 8)
(10, 5, 5)
(10, 10, 10)
(20, 3, 3)
(20, 5, 5)
(20, 10, 10)
(30, 5, 5)
(30, 10, 10)
(48, 1, 1)

50.358
14.874
40.581
12.241
4.084
17.391
2.590
5.405
12.622
2.741
2.449
7.469
10.498
77.339

b
GATE
1
1
1
1

/5

1.089
1.062
1.098

0.083
0.082
0.083

1.079
1.067
1.056
1.085
1.093
1.061
1.059
1.176
1.071
1.056
1.019

0.084
0.077
0.081
0.082
0.083
0.080
0.083
0.081
0.075
0.083
0.088

1.211
1.211
1.160
1.191
1.186
1.108
1.205
1.348
1.205
1.257
1.392
1.261
1.474
1.056

0.069
0.071
0.072
0.069
0.073
0.070
0.070
0.072
0.068
0.071
0.074
0.075
0.077
0.0663

RAIN

RATE

1969

designs (10, 10, 10), (4, 4, 4), and (24, 1, 1) correspond to
sample sizes 723, 15,467, and 42,237, respectively. As the

pixelsbecomemoreseparated
in timeandspacethe X2(b)
values tend to behave very much as if the data were

1
137
157
129
140

1 185
1 152
1 169
1 126
1 182
1 162
1.085
1.095
1.159
1.255
GATE

&2

OF MEAN

2

1.065
1.032
1.099
1.056
1.031
1.046
1.043
0.960
1.050
0.998
0.918
0.976
0.982
1.041

independent. For example, when every pixel is sampled in

space,theX2 valuebecomes
large,ascanbe seenfrom(48,
1, 1) in both GATE 1 and GATE 2. Also, the design (4, 4, 4)

in GATE 2 showsthat the X2 is inflatedbecause
of high
dependence.But as we introduce further separationin time

andspacetheX2 valuesdeflateappreciably,
ascanbe seen,
for example, from the design(10, 10, 10) in both GATE 1 and
GATE 2. Thus although we do not know the distribution of

X2(•)because
ofthedependence
inthedata,thevaluesinthe
table can help in forming an idea of what large and small

X2(b)valuesare.It is interesting
to notethattheninety-fifth
percentile of the chi-square distribution with 6 degrees of
freedom is equal to 12.6. It seems that with sufficient
separationin time and space it is not unreasonableto judge

thegoodness
of fit bycomparing
theX2(•)withthisvalue.In
fact, simulation results with independent data support this
suggestionwell by giving rise to minimum chi-square values
of the same order of magnitude.

However,it shouldbe madeclearthatX2(b)valuesthat
behave as if the data were independent do not constitute a
proof of independence. Such behavior is merely evidence in
favor of independence.
Another fact manifested in Table 2 is that regardless of

X2(•)value,thevaluesof/•, 6-2obtained
fromthedifferent
designsare very close. For example, the GATE 1 the design

(6, 6, 6) gives• = (1.152,1.056),whilethe design(24, 1, 1)
givesb - (1.159,1.056),buttherespective
X2(b)valuesare
greater than 1. In this case, by appealingto (7) we estimate
p by

2.916 and 27.443. Similarly, in GATE 2 the designs (4, 4, 4)
and (10, 5, 5) yield fairly close estimates, while the respec-

tiveX2(b)valuesare50.358and2.59.Cana "tight"design
in

N

(17)

time and spaceyield an excellent fit and still display a large

where the integral offsets the truncation. Table 2 also gives
P.
Table 2 shows that in most designsthe fit as measured by

following argument shows.
Intuitively, we may argue that in the presence of dependence when a rain rate value falls into a certain bin, its
immediate neighbors in time and space will tend to follow
suit and fall into the same bin as well. This gives rise to a
distortion of the distribution of the observed frequencies as
comparedwith the caseunder independenceand hence gives

p =

n

f(r, b) dr

X2(b)is quite remarkabletakinginto accountthe large
number of observations that ranged from several hundreds
to several thousandsto tens of thousands.For example the

X2(b)?The answerto this questionis affirmative,as the

riseto abnormal
valuesof X2(•). This is only a heuristic
argument that can help in shapingup our intuition. A more

technical
explanation
is basedonthefactthatX2(0),0 being
the true parameter, is a quadratic form whose distribution
tends as N--> o•, under some conditions, to the distribution
of a linear combination of independent chi-square random
variables each with a single degree of freedom. To see that
definePi = oi/N, Pi = E(Pi) and the 8 x 1 column vectors
P -- (Pl, ooo ,P8)' , 0 -- (Pl, oo o , P8)• ,1 -- (1,...,
1)' , and
let A be an 8 x 8 matrix given by

GATEI DESIGN (8,8,8)

0--•
t..............
>.0.2
Z

A=Diag

o o.I

...,

+1 l'-P9

Thenwe canexpress
X2(0)in (14)asa quadratic
form
0.0

i

o

IO

20

i

I

i

3o

RAINRATE (MM/HR)

9 (0i __ei)2

X2(0)= E

i= 1
Fig. 1. The scaledhistogramfrom the values of the (8, 8, 8) design
and the fitted lognormal density with parameter 0 = (1.140, 1.047).

•

= N(O - p)' A(0 - p)

(18)

ei

Assume that under some fairly general conditions as N--> o•,
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Mean Average Rain Rate and Its Standard Error Approximation

GATE

1

GATE

2

Standard

Design

/•(R)

Error

(5, 10, 10)
(6, 8, 8)
(8, 8, 8)
(10, 10, 10)
(10, 5, 5)

0.438
0.453
0.438
0.431
0.442

0.015
0.013
0.015
0.021
0.011

N1/2(
0 - p) -• N(O,V)
Then it can be shown [see Bishop et al., 1975, pp. 472-473]

Design

•(R)

Standard
Error

(5, 10, 10)
(8, 8, 8)
(10, 10, 10)
(20, 3, 3)
(30, 5, 5)

0.368
0.348
0.369
0.359
0.374

0.015
0.014
0.022
0.009
0.018

than that of the first phase. The table indicates the consistency of the results regardlessof the design. It can be argued
that in general, (20) shouldbe viewed as an underestimateof

Var (E(R)), but for samplingdesignsthat give sufficient

8

,xzi2

(19)

i=1

separation in time and space our empirical work suggests
that (20) is a reasonableapproximation. (See also the discussion leading to Figure 2 below.)

where
theZ/2areindependent
X•)random
variables.
If the
sampledrain rates are indeedindependent,then Ai -= 1 for all

i, andwhen0isknown,
X2(0)
hasanasymptotic
X•8).
Butff
the sampledrain rates are dependent,the Ai may be smaller
or larger than 1, and consequently (19) may be inflated or

deflated.
A similarargument
canbemadeaboutX2(•9).
This
means
inparticular
thatwhenthedistribution
of a X2(•9)
from
a "tight" (in timeandspace)designis suchthattheX2(•9)
values are relatively large, we must reject the hypothesisof
goodnessof fit for larger values than those obtained under
independence or near independence. It is important to
mention that Moore [1982] has observed a similar effect in
stationary Gaussian processeswith positive autocorrelation

4.

LOGNORMAL

VERSUS GAMMA

As was mentioned in the introduction, there is no general
agreement as to the form of f(r, 0). Some authors such as
Neyman and Scott [1967] report very good fit of the gamma
distribution to precipitation amounts, while Kedem and Chiu
[1987] argue that for area averagesof rain rate, the lognormal
model is appropriate provided that certain conditions are
met. It is therefore interesting to compare these two distri-

butions
byapplying
minimum
X2(0)asa criterion.
Recallthat
the gamma density is given by

function. He notes that in this case the Pearsonchi-square
statisticfor testing fit to a normal law is stochasticallylarger

f(r,0)=F-•r"-1exp
(-Ar)

r>0

than in the case of independent and identically distributed
observations. To sum up, dependence can lead to large

f(r, 0)=0

r-<0

valuesof X2(•9)
despite
a possible
nearlyperfectfit. Seealso
Kedem and Slud [1981], who discuss a similar quadratic
form whose values are inflated owing to dependentdata.

where 0 = (a, X), a, X > 0.
The above procedure was applied to the gamma density
and the results correspondingto various designsare given in

Table 4. Except for two cases (designs) where the two
densitiesessentially performed equally well, the lognormal

3.5. Estimation of the Mean of the Area
Average Rain Rate

fit is muchbetterasjudgedby X2(•).Moreover,theparam-

The expected value of R in the mixed lognormal distribu-

tionisgivenin (12)asE(R) = pa wherea = exp(/z + cr2/2).

eters obtained for the gamma distribution greatly underestimate the mean positive rain rate in GATE.

By substituting our estimates for these parameters, we

obtainan estimate
for E(R) denotedby/•(R). Ideally,under

5.

APPLICATION

TO SATELLITE

SAMPLING

independence and the ability to separate the zero from

nonzeroobservations,
thevarianceof •(R) canbe approximated under lognormality (compare Aitchison and Brown
[1963, p. 99])

m &2
Var
(•(R))
=P2
&2
(•)+
n1

Our final goal in this paper is to address the important
problem of interpreting the above sampling designsfor the
purposeof remote sensingby a polar-orbiting satellite. One
design that mimics satellite sampling is (48, 1, 1). A satellite
following this sampling design can provide instantaneous
snapshotsof a large area of roughly the GATE dimension of

+&2/5(1
-/5) (20)
n

350 x 350 km2, every 12 hours.The TropicalRainfall

where n is the total number of observationsand nl is the
numberof nonzeroobservations.We emphasizethat (20) is
only a rough approximation, since our data are dependent,
and that it probably tends to underestimate the true vari-

Measuring Mission [Simpson et al., 1988] proposes such a

ance. Table 3 gives the estimates of the mean and their
standard errors approximated by (20) and obtained from
different designs. The estimated mean average rain rate
during the second phase of GATE was considerably lower

purpose.

satellite whose tasks include the estimation

of the mean area

average rain rate over a given period. It is of great interest
thereforeto see if sucha designis indeed appropriatefor this

A slightly "tighter" design that allows more frequent
visits over an area, such as (40, 1, 1), can improve the
estimate appreciably. To see this increase in precision, we
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TABLE 4. Comparison
of MinimumX2(0)Appliedto theLognormal
andGammaDensities

Lognormal

Design

N

(30, 10, 10)
(20, 10, t0)
(t0, 10, 10)
(5, t0, 10)
(t0, 5, 5)
(5, 5, 5)
(t0, 20, 20)
(5, 30, 30)
(5, 20, 20)

X2(•)

333
456
972
1976
3936
7889
219
263
461

6.04
7.76
3.39
6.80
8.77
16.83
4.98
6.53
0.80

/z
1.00
1.t0
1.09
1.06
1.12
1.11
1.32
1.09
1.19

applied the (48, 1, 1) and (40, 1, 1) designsto the GATE data
starting from the first, second, third, etc., snapshot in
succession.For example, the design(48, 1, 1) when starting
from the first snapshotsamplesthe first, forty-ninth, ninetyseventh, etc., snapshots,and when startingfrom the second
snapshotit samples the second, fiftieth, ninety-eighth, etc.
snapshots,and so on. Altogether this procedure yields 48
and 40 distinct estimatescorrespondingto the designs(40, 1,
1) and (48, 1, 1), respectively. The histogramsfrom these
two sets of estimates are given in Figure 2. The third
histogramis of estimatesobtainedfrom the design(1, 10, 10)
translated in space and is displayed for the purpose of
comparison.There is a reduction in the standarddeviation of
the mean estimates from the (40, 1, 1) design as compared
with the (48, 1, 1) design. This has a significantimplication in
studying the diurnal cycle, for the (40, 1, 1) design will
sample through the diurnal cycle.
It is important to note that the mean and standard deviation given in Figure 2 for various sampling designs were
obtained from the direct distinct estimates of E(R) without

any distribution assumption.Yet the resultsindicated on the
histogramsagree fairly well with the results, obtainedby the
minimum chi-square method using the lognormal model and
(20), given in Table 3. This fact shows that (20) is not
unreasonable

after all.

Gamma

6-2

&

116
1 07
ll8
121
1 12

0.29
0.37
0.30
0.34
0.35
0.35
0.49
0.26
0.41

0.12
0.13
0.10
0.10
0.12
0.12
0.12
0.09
0.12

SUMMARY

AND CONCLUSIONS

1 13
1 00
141
1.07

6.

•

X2(•)
5.57
12.14
13.73
32.46
44.24
85.87
12.39
4.09
7.21

We have shown that a truncated lognormal distribution

provides
anexcellent
fitforthearea(4 x 4 km2)average
rain
rate above 1 mm/h from GATE. A comparison with a
truncated gamma, using area average rain rate above 1
mm/h, showsthat for GATE the truncated lognormal gives a
much better fit. Since the zero rain rates require no modeling, this suggeststhat a mixed lognormal distribution (not
truncated) is very adequate for GATE. This finding is
consistentwith the development of Kedem and Chiu [ 1987].
However, it is very possiblethat other mixed distributions
can provide adequate models as well.
We discussedthe estimation of parameters in a mixed
lognormaldistributionamid dependentdata by applyingthe
method of minimum chi-square estimation combined with
time-space sampling designs. By varying the designs we
gainedvaluableinsightinto the dependencestructureof the
GATE data in time and space. The estimates from the
various designsare (somewhat unexpectedly) quite close, a
fact that points out the consistencyof the minimum chisquaremethod despite of dependentdata. The results obtained by the minimum chi-square method are in agreement
with the direct estimates (Figure 2) obtained without recourse to an underlying distribution.
It has been observed that pixels separatedby roughly 40
km in spaceand by 10 hours in time give rise to chi-square
values that would

have been obtained

had the data been

independent.This observationis in goodagreementwith the
of Laughlin [1981], who used a correlationapproachto
1,5
I(48,1,1LEAN
044IOIGATE
I I(40A,
I II)MEAN
0.45
I I(I,10.10)
MEAN
0.45work
JGATE
•:)IGATE
study the time dependencein GATE. He showed that the

/
s.0:05
5
1.1.1
i

.03
/
•a
o•,timecorrelationin 4 x 4 km2 pixelsdecaysrelativelyfast,
IC)

I0

20

particularly in GATE 2.
Perhapsthe most important conclusionthat we can draw
from this work is that to the extent that the GATE

rO

o
f•

•

MEAN
0.S7 I

M• 0.S7
I I

areaof roughly
theGATEdimension
(350by 350km2) at a
{,.,0.,0;
repetition rate of about once every 10 hours provides an
•ME• 0.S7

i[ j

z

I

oi

-3

0

3

-3

data are

representativeof oceanicrainfall in the tropics, revisitingan

0

3

-3

iiI
0

S.D. FROM MEAN

Fig. 2. Histogram of mean estimatesfrom three designsapplied
repeatedly to GATE: (48, 1, 1) and (40, t, t) are translated in time,
while (1, t0, 10) is translated in space. The results should be
comparedwith those obtainedfrom the minimum chi-squaremethod
given in Table 3.

excellent estimate (standard error of about 0.01 to 0.03) for
the area average3-week mean rain rate for the region. This
is within the capability of a single space platform with
scanningsensorsin a low-inclination (tropical) orbit.
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